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ON THE HEAT CONTENT OF A POLYGON
M. VAN DEN BERG *, K. GITTINS
Abstract. Let D be a bounded, connected, open set in Euclidean space R2 with
polygonal boundary. Suppose D has initial temperature 1 and the complement of D
has initial temperature 0. We obtain the asymptotic behaviour of the heat content
of D as time t ↓ 0. We then apply this result to compute the heat content of a
particular fractal polyhedron as t ↓ 0.
1. Introduction
The conduction of heat or the diffusion of matter through a solid body is of importance
in the physical and engineering sciences. The classic reference of Carslaw and Jaeger,
[9], analyses many examples and applications. The mathematical tools used in [9] are
centred around separation of variables and Laplace transforms and, in many cases, require
properties of special functions. From a mathematical point of view, the heat equation,
heat content and heat trace link the underlying geometry of the manifold and its boundary
and boundary conditions to the spectral resolution of the Laplace operator. Over the
last few decades, a considerable amount of progress has been made in understanding the
asymptotic behaviour of the heat content for small time t, see [12].
It was discovered by Preunkert, [17], that even in the absence of boundary conditions
the heat content of a ball B in Euclidean space Rm which is at initial temperature 1,
while Rm−B has initial temperature 0, has non-trivial asymptotic behaviour as t ↓ 0. For
small t, the initial condition on the complement of B acts in a similar way to a Dirichlet
0 boundary condition. This was subsequently stated for bounded, open sets with C1,1
boundary in [15], and proved in [16]. The discussion is simplified by the fact that the heat
kernel on Rm is known explicitly. The general situation for the heat content of a compact
subdomain Ω in a compact Riemannian manifold M was examined in [4]. The tools
of pseudo-differential calculus used there rely heavily upon the smoothness assumptions
on the boundary. Two-sided estimates for the heat content of non-compact sets in Rm
were obtained in [3]. These estimates are very different from the ones where Dirichlet 0
boundary conditions are imposed. See [1] and [2].
In this paper we denote the fundamental solution of the heat equation on Rm by
p(x, y; t) = (4pit)−m/2e−|x−y|
2/(4t),
and for an open set D ⊂ Rm, we define
(1) uD(x; t) =
∫
D
dy p(x, y; t).
Then uD(x; t) satisfies the heat equation on Rm
(2) ∆uD =
∂uD
∂t
, x ∈ Rm, t > 0,
(see Chapter 2 in [10]) and
(3) lim
t↓0
uD(x; t) = 1D(x), x ∈ Rm − ∂D,
where ∂D is the boundary of D.
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2 M. VAN DEN BERG, K. GITTINS
We define the heat content of D in Rm at t by
HD(t) =
∫
D
dxuD(x; t).
So by (1),
(4) HD(t) =
∫
D
dx
∫
D
dy p(x, y; t).
We denote the Lebesgue measure of a measurable set A ⊂ Rm by |A|, its perimeter by
P(A), and its (m− 1)-dimensional Hausdorff measure by Hm−1(A).
If D is a bounded, open set in Rm, m ≥ 2, with C1,1 boundary ∂D, then Theorem 2.4
of [16] implies that
(5) HD(t) = |D| − P(D) t
1/2
√
pi
+ o(t1/2), t ↓ 0.
In [5], we obtained explicit bounds for HD(t) for bounded, open sets D in Euclidean space
with C1,1 boundary which are uniform in t and in the geometric data of D. These bounds
imply that
(6) HD(t) = |D| − P(D) t
1/2
√
pi
+O(t), t ↓ 0.
We observe that if K is a closed set in Rm with |K| = 0 then by the definition of the
perimeter (see [11]) and (4),
(7) |D −K| = |D|, P(D −K) = P(D), HD−K(t) = HD(t).
The observations in (7) suggest that (5) holds for all open sets D with finite perimeter
and finite Lebesgue measure. The proof of such a statement is well beyond the scope of
this paper.
In this paper, we focus on the heat content of a bounded, connected, open set D ⊂ R2
with polygonal boundary. We introduce some notation and then present the main result:
Theorem 1. Let γ1, · · · , γn denote the interior angles of ∂D. Each such angle γj is
supported by two edges provided γj < 2pi. By (7), we may exclude angles 2pi. We label the
corresponding vertices by V1, · · · , Vn and note that these n vertices need not be pairwise
disjoint. Let Wj denote the infinite wedge of angle γj with vertex Vj such that Wj∩D 6= ∅
and the boundary of the wedge contains the two edges which are adjacent to Vj and have
an angle γj . Let
(8) γ = {γi : (sin γi)2 ≤ (sin γj)2 for all j ∈ {1, 2, · · · , n}}.
For r > 0, we also define the open sector
(9) Bj(r) = {x ∈Wj : d(x, Vj) < r}
and
(10) R =
1
2
sup
{
r : B`(r) ∩Bj(r) = ∅ for all ` 6= j,
n⋃
k=1
Bk(r) ⊂ D
}
.
Theorem 1. Let D ⊂ R2 be a bounded, connected, open set with polygonal boundary ∂D
with γ and R as defined in (8) to (10). Then as t ↓ 0,
HD(t) = |D| − P(D) t
1/2
√
pi
+
n∑
j=1
g(γj)t(11)
+
∑
j,`∈{1,...,n:j 6=`,Vj=V`}
k(αj , γj , γ`)t+O(e
−R2(sin γ)2/(32t)),
where g : (0, 2pi)→ R is given by
(12) g(β) =
{
1
pi
+
(
1− β
pi
)
cotβ, β ∈ (0, pi) ∪ (pi, 2pi);
0, β = pi,
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and k : (0, pi)× (0, 2pi)× (0, 2pi)→ R is given by
k(α, θ, σ) =
1
2pi
(−(σ + θ + α− pi) cot(σ + θ + α)− (α− pi) cotα)
+
1
2pi
((σ + α− pi) cot(σ + α) + (θ + α− pi) cot(θ + α)) ,(13)
for σ + θ + α 6= pi, α 6= pi, σ + α 6= pi, θ + α 6= pi, where α denotes the smallest angle
between Wθ and Wσ. In any of the remaining cases, such as α = pi, we define k(α, θ, σ)
by taking appropriate limits using l’Hoˆpital’s rule.
The terms which involve the area and perimeter are as expected and agree with those
in (6). We see that the heat content has a non-trivial dependence on the interior angles
of the polygonal boundary.
We observe that β 7→ g(β) is continuous on (0, 2pi), decreasing on (0, pi] and symmetric
with respect to pi. That is
(14) g(β) = g(2pi − β), 0 < β < 2pi.
By (12) and (14), we conclude that g is non-negative. We remark that k(α, θ, σ) is sym-
metric with respect to θ and σ and that k(α, θ, σ) = k(2pi − θ − σ − α, θ, σ). By Lemma
10, Section 3, it follows that k is non-negative.
In addition, if D is a regular n-gon in R2, then γ1 = γ2 = · · · = γn =
(
n−2
n
)
pi, and the
angular contribution to the heat content is
n
pi
+ 2 cot
((
n− 2
n
)
pi
)
= O
(
1
n
)
, n→∞.
We observe that the coefficient of
∫
∂Ω
Laat in the expansion of the heat content of a
compact domain Ω with smooth boundary ∂Ω is also equal to 0, see Theorem 1.6 in [4].
Here Laa is the trace of the second fundamental form when ∂Ω is oriented with a smooth
inward-pointing unit normal vector field.
The expansion for the heat content of a polygon with Dirichlet 0 boundary conditions
was obtained in [8]. There it was shown that if vD solves the heat equation ∆v =
∂v
∂t
, x ∈
D, t > 0 with limt↓0 v(x; t) = 1, x ∈ D and satisfies a Dirichlet boundary condition
limx→x0 v(x; t) = 0 for any x0 ∈ ∂D then
(15)
∫
D
dx vD(x; t) = |D| − 2P(D) t
1/2
√
pi
+
n∑
j=1
c(γj)t+O(e
−R2(sin(γ/2))2/(32t)),
where
c(β) =
∫ ∞
0
4 sinh((pi − β)x)
(sinh(pix))(cosh(βx))
dx.
We note that both (11) and (15) have angular contributions which are additive. However,
in Theorem 1 there is an additional term in the case where vertices have multiplicity larger
than 1. No such term is present in (15) since sectors based at the same vertex do not feel
each other’s presence due to the Dirichlet 0 boundary condition.
The strategy to prove (15) is inspired by [14], and relies on some model computations.
We use an analogous strategy to prove (11). For points x ∈ D close to a vertex, say
x ∈ Bj(r) for some j ∈ {1, 2, · · · , n}, r > 0, uD is approximated by uWj . For points
x ∈ D which have a distance at least δ to ∂D, for some δ > 0, uD is approximated by
1. For the remaining points in D, uD is approximated by uH , where H is the half-plane
which contains D and whose boundary contains the edge of ∂D nearest to x. As was the
case in [8], the model computations involving the infinite wedge Wj are the most difficult
to carry out. However, in contrast to the case with Dirichlet 0 boundary conditions, we
must also consider the contribution to the heat content from a vertex which belongs to
the boundaries of more than one wedge. We deal with these computations in Lemma 9
and Lemma 10 in Section 3. In Section 4 we carry out the half-plane computations.
It is quite remarkable that, in contrast to the smooth case (5), the asymptotic expansion
in half powers of t of HD(t) in Theorem 1 terminates after the term of order t, leaving an
exponentially small remainder as t ↓ 0. This agrees with the fact that there are no further
locally computable invariants of D and ∂D available from which non-trivial quantities
could be built. A similar phenomenon has been observed for the asymptotic expansion
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of the heat trace. See for example [7]. The precise form of the exponential remainder
remains an open problem. The extension of the results in this paper to general polyhedra
in R3 is another challenge beyond the scope of this paper.
However, in Section 6, we use Theorem 1 to compute the heat content of a fractal
polyhedron which is constructed as follows. Let Q0 ⊂ R3 be an open cube of side-
length 1. Let 0 < s < 1. Attach a regular open cube Q1,i of side-length s to the centre
c1,i, i = 1, . . . , 6, of each face of ∂Q0, and such that all the faces are pairwise-parallel. Now
proceed by induction. For j = 2, 3, . . . , attach N(j) = 6·5j−1 open cubes Qj,1, . . . , Qj,N(j),
of side-length sj to the centres of the boundary faces of the cubes Qj−1,1, . . . , Qj−1,N(j−1),
again with pairwise-parallel faces. We define the fractal polyhedron Ds as
Ds = interior
Q0 ∪
⋃
j≥1
⋃
1≤i≤N(j)
Qj,i


for 0 < s <
√
2 − 1 (see Figure 1). We note that for this range of s, no cubes in the
construction of Ds overlap. For the two-dimensional construction, see Theorem 4 in [6].
In that paper, the critical value s =
√
2−1, where the squares just touch, is allowed. This
is due to the fact that the Dirichlet 0 boundary conditions guarantee the independence
of the heat flow in these touching squares. In this paper, we do not impose Dirichlet 0
boundary conditions on ∂Ds, and if the cubes touch, then this could give rise to an extra
term. For this reason, we only allow 0 < s <
√
2− 1.
Figure 1. The first two generations of Ds with s =
1
4
.
We have that
|Ds| = 1 + s
3
1− 5s3 ,
and that the two-dimensional Hausdorff measure of the boundary is given by
H2(∂Ds) = 6
(
1− s2
1− 5s2
)
.
Both quantities are finite for 0 < s <
√
2 − 1. Moreover, the total length of the edges of
∂Ds is finite if and only if 0 < s <
1
5
and equals 12
(
1+s
1−5s
)
. In addition to Theorem 1,
in order to compute the heat content of Ds, we require the heat content of a sector of
angle pi in an infinite wedge of angle 3pi
2
where this sector and wedge share one common
edge and vertex. This will be computed in Section 5. In Section 6, we prove the following
theorems which give the asymptotic expansion for the heat content of Ds as t ↓ 0.
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Theorem 2. Let d = 3
2
+ 1
2
log 5
log s
. Fix 0 < s <
√
2 − 1, s 6= 1
5
. There exists a periodic,
continuous function ps : R→ R with period log(s−2) such that
HDs(t) =
1 + s3
1− 5s3 − 6
(
1− s2
1− 5s2
)
t1/2√
pi
+
12
pi
(
1 + s
1− 5s
)
t(16)
+ 6ps(log t)t
d +O(t3/2
(
log(t−1)
)3/2
), t ↓ 0.
It is easy to see that if we write d = m−ds
2
, m = 3, in Theorem 2 then ds =
log 5
log(s−1)
is the interior Minkowski dimension of the vertices of ∂Ds for 0 < s <
1
5
, whereas for
1
5
< s <
√
2 − 1, it is the interior Minkowski dimension of the edges of ∂Ds. Below we
state the corresponding result for the critical case s = 1
5
.
Theorem 3. For s = 1
5
, there exists a periodic, continuous function p 1
5
: R → R with
period log 25 such that,
HD 1
5
(t) =
21
20
− 36
5
t1/2√
pi
+
132
5pi
t− 36
5pi log 5
t log t(17)
+ 6p 1
5
(log t)t+O(t3/2
(
log(t−1)
)3/2
), t ↓ 0.
In Section 2 below we introduce some further notation and state and prove several
lemmas.
2. Additional notation and lemmas.
Let D be as given in Theorem 1. In the proofs of Lemma 4 to Lemma 8 we use a
variant of Kac’s principle of not feeling the boundary to reduce the computation of the
heat content of D to a collection of model computations. For r > 0, δ > 0, x ∈ D, A ⊂ R2
we define
(18) d(x,A) = inf{|x− z| : z ∈ A},
and
C(δ, r) =
{
x ∈ D : d(x, ∂D) < δ, x 6∈
n⋃
k=1
Bk(r)
}
,
and
D(δ, r) =
{
x ∈ D : x 6∈
n⋃
k=1
Bk(r), x 6∈ C(δ, r)
}
.
Choose R as in (10) and let δ = R
2
| sin γ|.
Lemma 4. ∫
D(δ,R)
dx
∫
D
dy p(x, y; t) = |D(δ,R)|+O(e−R2(sin γ)2/(32t)), t ↓ 0.
Proof. By [3, Proposition 9(i)], we have that
1− 2e−δ(x)2/(8t) ≤
∫
D
dy p(x, y; t) ≤ 1,
where δ(x) = min{|x− y| : y ∈ R2 −D}. Since x ∈ D(δ,R), δ(x) ≥ δ. Hence
|D(δ,R)| − 2|D(δ,R)|e−δ2/(8t) ≤
∫
D(δ,R)
dx
∫
D
dy p(x, y; t) ≤ |D(δ,R)|
as required. 
We partition the region D − D(R
2
| sin γ|, R) into n sectors, Bi(R), of radius R, n
rectangles, Sγ , of height
R
2
| sin γ| and 2n cusps of height R
2
| sin γ|. The contributions to
HD(t) from these regions will be computed in Sections 3, 4.1 and 4.2 respectively. Each
sector has two neighbouring cusps. Each cusp is adjacent to a rectangle and a sector. The
corresponding m-dimensional result to [6, Lemma 7] is the following.
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Lemma 5. Let D˜, F,G be non-empty, open subsets of Rm,m ≥ 2 such that D˜ ∩ F 6= ∅
and G ⊂ D˜ ∩ F . Let E be a bounded, measurable subset of G. Then∫
E
dx
∫
D˜
dy p(x, y; t) =
∫
E
dx
∫
F
dy p(x, y; t) +O(e−
2/(8t)), t ↓ 0,
where
 = inf{|x− y| : x ∈ E, y ∈ (D˜ ∪ F ) ∩ ∂G}.
Proof. We write∫
E
dx
∫
D˜
dy p(x, y; t)
=
∫
E
dx
∫
D˜∩F
dy p(x, y; t) +
∫
E
dx
∫
D˜∩Fc
dy p(x, y; t)
=
∫
E
dx
∫
F
dy p(x, y; t)−
∫
E
dx
∫
D˜c∩F
dy p(x, y; t) +
∫
E
dx
∫
D˜∩Fc
dy p(x, y; t).(19)
By (19), we have that∫
E
dx
∫
D˜
dy p(x, y; t) ≥
∫
E
dx
∫
F
dy p(x, y; t)−
∫
E
dx
∫
D˜c∩F
dy p(x, y; t)
≥
∫
E
dx
∫
F
dy p(x, y; t)− 2m/2|E|e−2/(8t),
and ∫
E
dx
∫
D˜
dy p(x, y; t) ≤
∫
E
dx
∫
F
dy p(x, y; t) +
∫
E
dx
∫
D˜∩Fc
dy p(x, y; t)
≤
∫
E
dx
∫
F
dy p(x, y; t) + 2m/2|E|e−2/(8t).
This completes the proof. 
Lemma 6. Let i ∈ {1, · · · , n} and k ∈ N such that i+ k ≤ n. Suppose γi, γi+1, · · · , γi+k
are interior angles of ∂D which are supported by edges which meet at the same vertex
Vi = Vi+1 = · · · = Vi+k. Then
∫
∪i+kj=iBj(R)
dx
∫
D
dy p(x, y; t)
(20)
=
i+k∑
j=i
∫
Bj(R)
dx
∫
Wj
dy p(x, y; t) +
i+k∑
j 6=`,j,`=i
∫
Wj
dx
∫
W`
dy p(x, y; t) +O(e−R
2(sin γ)2/(32t)), t ↓ 0.
Proof. By Lemma 5 with D˜ = D, F = ∪i+kj=iWj , E = ∪i+kj=iBj(R) and G = {z ∈ D :
d(z,∪i+kj=iBj(R)) < R2 | sin γ|}, we have that∫
∪i+kj=iBj(R)
dx
∫
D
dy p(x, y; t)(21)
=
∫
∪i+kj=iBj(R)
dx
∫
∪i+kj=iWj
dy p(x, y; t) +O(e−R
2(sin γ)2/(32t)), t ↓ 0.
We also have that∫
∪i+kj=iBj(R)
dx
∫
∪i+kj=iWj
dy p(x, y; t)(22)
=
i+k∑
j=i
∫
Bj(R)
dx
∫
Wj
dy p(x, y; t) +
i+k∑
j 6=`,j,`=i
∫
Wj
dx
∫
W`
dy p(x, y; t)
+O(e−R
2/(8t)), t ↓ 0.
Combining (21) and (22) gives (20). 
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Lemma 7. Let H ⊂ R2 denote the half-plane such that ∅ 6= ∂Sγ ∩∂D ⊂ ∂H and Sγ ⊂ H.
Then ∫
Sγ
dx
∫
D
dy p(x, y; t) =
∫
Sγ
dx
∫
H
dy p(x, y; t) +O(e−R
2(sin γ)2/(32t)), t ↓ 0.
Proof. Using Lemma 5 with D˜ = D, F = H, E = Sγ and G = {z ∈ D : d(z, Sγ) <
R
2
| sin γ|}, the result follows. 
Lemma 8. Let Ci denote the cusp which is adjacent to Sγ and Bi(R). Let H be the
half-plane as in Lemma 7. Then∫
Ci
dx
∫
D
dy p(x, y; t) =
∫
Ci
dx
∫
H
dy p(x, y; t) +O(e−R
2(sin γ)2/(32t)), t ↓ 0.
Proof. Using Lemma 5 with D˜ = D, F = H, E = Ci and G = {z ∈ D : d(z, Ci) <
R
2
| sin γ|}, the result follows. 
3. The contribution to the heat content from points close to a vertex.
In this section we approximate uD by uWj . We then compute the contribution to the
heat content of D from a sector, Bj(R) with corresponding angle γj = β. We also compute
the contribution to the heat content of D from two disjoint wedges whose boundaries
intersect in a vertex of ∂D.
Firstly, we define
(23) Vβ(t;R) =
∫
Bj(R)
dx
∫
Wj
dy p(x, y; t).
Lemma 9. For β ∈ (0, pi) ∪ (pi, 2pi),
Vβ(t;R) = βR
2
2
− 2R√
pi
t1/2 +
(
1
pi
+
(
1− β
pi
)
cotβ
)
t
− (4pit)−1/2
∫ R| sin β|
0
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t)
+O(te−R
2(sin β)2/(8t)), t ↓ 0.
Proof. Changing to polar coordinates with x = (r1 cos θ1, r1 sin θ1) and y = (r2 cos θ2, r2 sin θ2)
in (23) gives that
Vβ(t;R)
= (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r21+r22)/(4t)+2r1r2A/(4t),
where A = cos(θ1 − θ2). The change of variable r2 − r1A = ρ gives that
Vβ(t;R) = (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r2−r1A)2/(4t)−r21(1−A2)/(4t)
= (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
r dr
∫ ∞
−Ar
dρ (ρ+Ar)e−ρ
2/(4t)−r2(1−A2)/(4t)
= I1 + I2.
We have that
I1 = (4pit)
−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
r dr
∫ ∞
−Ar
dρ ρe−ρ
2/(4t)−r2(1−A2)/(4t)
=
β2
pi
t(1− e−R2/(4t)),(24)
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and
I2 = (4pit)
−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr Ar2
∫ ∞
−Ar
dρ e−ρ
2/(4t)−r2(1−A2)/(4t)
= (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr Ar2e−r
2(1−A2)/(4t)
∫ ∞
0
dρ e−ρ
2/(4t)
+ (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr A2r2e−r
2(1−A2)/(4t)
∫ r
0
dρ e−A
2ρ2/(4t)
= (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr Ar2e−r
2(1−A2)/(4t)
∫ ∞
0
dρ e−ρ
2/(4t)
+ (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr A2r2e−r
2(1−A2)/(4t)
∫ ∞
0
dρ e−A
2ρ2/(4t)
− (4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr A2r2e−r
2(1−A2)/(4t)
∫ ∞
r
dρ e−A
2ρ2/(4t)
= I3 + I4 + I5.
Via the change of variables θ1 − θ2 = −η and integrating by parts with respect to θ, we
obtain
I3 = (4pit)
−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr Ar2e−r
2(1−A2)/(4t)
∫ ∞
0
dρ e−ρ
2/(4t)
= (4pit)−1/2
∫ β
0
dθ1
∫ β
θ1
dθ2
∫ R
0
dr r2 cos(θ1 − θ2) e−r
2(sin(θ1−θ2)2)/(4t)
= (4pit)−1/2
∫ β
0
dθ1
∫ β−θ1
0
dη
∫ R
0
dr r2 cos η e−r
2(sin η)2/(4t)
= (4pit)−1/2
∫ β
0
dθ
∫ θ
0
dη
∫ R
0
dr r2 cos η e−r
2(sin η)2/(4t)
= β(4pit)−1/2
∫ β
0
dη
∫ R
0
dr r2 cos η e−r
2(sin η)2/(4t)(25)
− (4pit)−1/2
∫ β
0
dθ θ
∫ R
0
dr r2 cos θ e−r
2(sin θ)2/(4t).
Similarly,
I4 = β(4pit)
−1/2
∫ β
0
dη
∫ R
0
dr r2| cos η| e−r2(sin η)2/(4t)(26)
− (4pit)−1/2
∫ β
0
dθ θ
∫ R
0
dr r2| cos θ| e−r2(sin θ)2/(4t).
We first compute I3 + I4 and then we deal with I5. By (25) and (26), we have that
(27) I3 + I4 = 2(4pit)
−1/2
∫ R
0
dr r2
∫
B
dη (β − η) cos η e−r2(sin η)2/(4t),
where B = [0, β] ∩ ([0, pi
2
] ∪ [ 3pi
2
, 2pi]). First suppose β ∈ [0, pi
2
], then by (27) we have that
I3 + I4
= 2(4pit)−1/2
∫ R
0
dr r2
∫ β
0
dη (β − η) cos η e−r2(sin η)2/(4t)
= 2(4pit)−1/2
∫ R
0
dr r2
∫ sin β
0
dψ (β − arcsinψ) e−r2ψ2/(4t)
= 2β(4pit)−1/2
∫ R
0
dr r2
∫ sin β
0
dψ e−r
2ψ2/(4t) − 2(4pit)−1/2
∫ R
0
dr r2
∫ sin β
0
dψ ψe−r
2ψ2/(4t)
− 2(4pit)−1/2
∫ R
0
dr r2
∫ sin β
0
dψ (arcsinψ − ψ)e−r2ψ2/(4t)
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= 2β(4pit)−1/2
∫ R
0
dr r2
∫ ∞
0
dψ e−r
2ψ2/(4t) − 2β(4pit)−1/2
∫ R
0
dr r2
∫ ∞
sin β
dψ e−r
2ψ2/(4t)
+ 4t(4pit)−1/2
∫ R
0
dr (e−r
2(sin β)2/(4t) − 1)
− 2(4pit)−1/2
∫ sin β
0
dψ (arcsinψ − ψ)
∫ R
0
dr r2e−r
2ψ2/(4t)
=
βR2
2
− 2β(4pit)−1/2
∫ ∞
sin β
dψ
∫ ∞
0
dr r2 e−r
2ψ2/(4t) − 2R√
pi
t1/2 +
2
sinβ
t
− 2(4pit)−1/2
∫ sin β
0
dψ (arcsinψ − ψ)
∫ ∞
0
dr r2e−r
2ψ2/(4t)
+ 2(4pit)−1/2
∫ sin β
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2(sin β)2/(8t))
=
βR2
2
− 2R√
pi
t1/2 − 2βt
∫ ∞
sin β
dψ
ψ3
+
2
sinβ
t− 2t
∫ sin β
0
dψ
(
arcsinψ − ψ
ψ3
)
+ 2(4pit)−1/2
∫ sin β
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2(sin β)2/(8t))
=
βR2
2
− 2R√
pi
t1/2 + (cotβ)t+ 2(4pit)−1/2
∫ sin β
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t)
(28)
+O(te−R
2(sin β)2/(8t)), t ↓ 0.
Similarly, for β ∈ [pi
2
, 3pi
2
], we have that
I3 + I4
= 2(4pit)−1/2
∫ R
0
dr r2
∫ pi
2
0
dη (β − η) cos η e−r2(sin η)2/(4t)
= 2(4pit)−1/2
∫ R
0
dr r2
∫ 1
0
dψ (β − arcsinψ) e−r2ψ2/(4t)
= 2β(4pit)−1/2
∫ R
0
dr r2
∫ 1
0
dψ e−r
2ψ2/(4t) − 2(4pit)−1/2
∫ R
0
dr r2
∫ 1
0
dψ ψe−r
2ψ2/(4t)
− 2(4pit)−1/2
∫ R
0
dr r2
∫ 1
0
dψ (arcsinψ − ψ)e−r2ψ2/(4t)
= 2β(4pit)−1/2
∫ R
0
dr r2
∫ ∞
0
dψ e−r
2ψ2/(4t) − 2β(4pit)−1/2
∫ R
0
dr r2
∫ ∞
1
dψ e−r
2ψ2/(4t)
+ 4t(4pit)−1/2
∫ R
0
dr (e−r
2/(4t) − 1)
− 2(4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ R
0
dr r2e−r
2ψ2/(4t)
=
βR2
2
− 2βt
∫ ∞
1
dψ
ψ3
− 2R√
pi
t1/2 + 2t− 2t
∫ 1
0
dψ
(
arcsinψ − ψ
ψ3
)
+ 2(4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2/(8t))
=
βR2
2
− 2R√
pi
t1/2 +
(pi
2
− β
)
t+ 2(4pit)−1/2
∫ | sin β|
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t)
(29)
+O(te−R
2(sin β)2/(8t)), t ↓ 0.
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In order to have (29) in the same format as (28), we replaced 1 by | sinβ| in (29). For
β ∈ [ 3pi
2
, 2pi], we have that
I3 + I4 = 2(4pit)
−1/2
∫ R
0
dr r2
∫ pi
2
0
dη (β − η) cos η e−r2(sin η)2/(4t)
+ 2(4pit)−1/2
∫ R
0
dr r2
∫ β
3pi
2
dη (β − η) cos η e−r2(sin η)2/(4t)
= J1 + J2.
Now by (29),
J1 =
βR2
2
− 2R√
pi
t1/2 +
(pi
2
− β
)
t+ 2(4pit)−1/2
∫ | sin β|
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t)
(30)
+O(te−R
2(sin β)2/(8t)), t ↓ 0.
Via the change of variables η′ = 2pi − η, we also have that
J2 = 2(4pit)
−1/2
∫ β
3pi
2
dη (β − η) cos η
∫ R
0
dr r2 e−r
2(sin η)2/(4t)
= 2(4pit)−1/2
∫ pi
2
2pi−β
dη (β + η − 2pi) cos η
∫ R
0
dr r2 e−r
2(sin η)2/(4t)
= 2t
∫ pi
2
2pi−β
dη (β + η − 2pi) cos η
(sin η)3
− 2(4pit)−1/2
∫ pi
2
2pi−β
dη (β + η − 2pi) cos η
∫ ∞
R
dr r2 e−r
2(sin η)2/(4t)
=
(
3pi
2
− β − cotβ
)
t+O(te−R
2(sin β)2/(8t)), t ↓ 0.(31)
Hence by (30) and (31), we see that for β ∈ [ 3pi
2
, 2pi] and t ↓ 0,
I3 + I4 =
βR2
2
− 2R√
pi
t1/2 + (2pi − 2β − cotβ)t
(32)
+ 2(4pit)−1/2
∫ | sin β|
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2(sin β)2/(8t)).
It remains to compute I5. Via the change of variables ρ = rρ
′, we see that
I5 = −(4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr A2r2e−r
2(1−A2)/(4t)
∫ ∞
r
dρ e−A
2ρ2/(4t)
= −(4pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R
0
dr A2r3e−r
2(1−A2)/(4t)
∫ ∞
1
dρ e−r
2A2ρ2/(4t)
= −(8pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ R2
0
dr A2r
∫ ∞
1
dρ e−r(A
2ρ2+1−A2)/(4t)
= −(8pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ ∞
1
dρ
∫ ∞
0
dr A2re−r(A
2ρ2+1−A2)/(4t)
+ (8pit)−1
∫ β
0
dθ1
∫ β
0
dθ2
∫ ∞
1
dρ
∫ ∞
R2
dr A2re−r(A
2ρ2+1−A2)/(4t)
= −2t
pi
∫ β
0
dθ1
∫ β
0
dθ2
∫ ∞
1
dρ
A2
(A2ρ2 + 1−A2)2 +O(te
−R2/(4t)), t ↓ 0.(33)
By 2.173 (1) and 2.172 in [13], we see that
(34)
∫ ∞
1
dρ
(A2ρ2 + 1−A2)2 =
−1
2(1−A2) +
1
2|A|(1−A2)3/2 arctan
(√
1−A2
|A|
)
.
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Therefore by (33), (34) and the change of variables θ2 − θ1 = σ, we obtain that
− 2t
pi
∫ β
0
dθ1
∫ β
0
dθ2
∫ ∞
1
dρ
A2
(A2ρ2 + 1−A2)2
= −2t
pi
∫ β
0
dθ
∫ θ
0
dσ
(
−(cotσ)2 + cosσ
(sinσ)3
arctan(tanσ)
)
.
Thus
I5 = −2t
pi
∫ β
0
dθ
∫ θ
0
dσ
(
−(cotσ)2 + cosσ
(sinσ)3
arctan(tanσ)
)
+O(te−R
2/(4t)), t ↓ 0.
We note that
arctan(tanσ) = σ + U(σ),
where
U(σ) =

0, if σ ∈ (0, pi
2
);
−pi, if σ ∈ (pi
2
, 3pi
2
);
−2pi, if σ ∈ ( 3pi
2
, 2pi).
Hence it is necessary to compute
−2t
pi
∫ β
0
dθ
∫ θ
0
dσ
(
−(cotσ)2 + σ cosσ
(sinσ)3
)
=− 2t
pi
∫ β
0
dθ
(
cot θ
2
+ θ − θ
2(sin θ)2
)
=
(
−β
2
pi
− β
pi
cotβ +
1
pi
)
t.
If β ∈ (pi
2
, 3pi
2
), then
−2t
pi
∫ β
0
dθ
∫ θ
0
dσ U(σ)
cosσ
(sinσ)3
= 2t
∫ β
pi
2
dθ
∫ θ
pi
2
dσ
cosσ
(sinσ)3
=
(
β + cotβ − pi
2
)
t,
and if β ∈ ( 3pi
2
, 2pi), then
− 2t
pi
∫ β
0
dθ
∫ θ
0
dσ U(σ)
cosσ
(sinσ)3
= 2t
∫ 3pi
2
pi
2
dθ
∫ θ
pi
2
dσ
cosσ
(sinσ)3
+ 2t
∫ β
3pi
2
dθ
∫ 3pi
2
pi
2
dσ
cosσ
(sinσ)3
+ 4t
∫ β
3pi
2
dθ
∫ θ
3pi
2
dσ
cosσ
(sinσ)3
= (2β + 2 cotβ − 2pi)t.
Hence
(35) I5 =

(
−β2
pi
− β
pi
cotβ + 1
pi
)
t, if β ∈ (0, pi
2
);(
−β2
pi
+
(
1− β
pi
)
cotβ + β − pi
2
+ 1
pi
)
t, if β ∈ (pi
2
, 3pi
2
);(
−β2
pi
+
(
1− β
pi
)
cotβ + cotβ + 2β − 2pi + 1
pi
)
t, if β ∈ ( 3pi
2
, 2pi);
Therefore, by combining (24), (35) and (28), (29), (32) respectively, we obtain that, as
t ↓ 0,
Vβ(t;R) = βR
2
2
− 2R√
pi
t1/2 +
(
1
pi
+
(
1− β
pi
)
cotβ
)
t
+ 2(4pit)−1/2
∫ | sin β|
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2 e−r
2ψ2/(4t) +O(te−R
2(sin β)2/(8t)).
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Via the change of variables ρ = rψ and integrating by parts with respect to ψ, we have
2(4pit)−1/2
∫ | sin β|
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2 e−r
2ψ2/(4t)
= 2(4pit)−1/2
∫ | sin β|
0
dψ
(
arcsinψ − ψ
ψ3
)∫ ∞
Rψ
dρ ρ2e−ρ
2/(4t)
= −(4pit)−1/2R3
∫ | sin β|
0
dψ (arcsinψ − ψ)e−R2ψ2/(4t)
+ (4pit)−1/2
∫ | sin β|
0
dψ
ψ2
(
1−√1− ψ2√
1− ψ2
)∫ ∞
Rψ
dρ ρ2e−ρ
2/(4t) +O(te−R
2(sin β)2/(8t))
= −(4pit)−1/2R3
∫ | sin β|
0
dψ (arcsinψ − ψ)e−R2ψ2/(4t)
(36)
+ (4pit)−1/2
∫ | sin β|
0
dψ
(
1√
1− ψ2 −
1
1 +
√
1− ψ2
)∫ ∞
Rψ
dρ ρ2e−ρ
2/(4t)
+O(te−R
2(sin β)2/(8t)), t ↓ 0.
Again integrating by parts with respect to ψ, we see that
(4pit)−1/2
∫ | sin β|
0
dψ
(
1√
1− ψ2 −
1
1 +
√
1− ψ2
)∫ ∞
Rψ
dρ ρ2e−ρ
2/(4t)
= (4pit)−1/2R3
∫ | sin β|
0
dψ (−ψ
√
1− ψ2 + ψ)e−R2ψ2/(4t) +O(te−R2(sin β)2/(8t)), t ↓ 0.
(37)
Hence by (36), (37) and the change of variables ψ = x
R
, we have that
2(4pit)−1/2
∫ | sin β|
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2 e−r
2ψ2/(4t)
= −(4pit)−1/2
∫ R| sin β|
0
dx
(
R2 arcsin
( x
R
)
−Rx
)
e−x
2/(4t)
+ (4pit)−1/2
∫ R| sin β|
0
dx
(
−x
√
R2 − x2 +Rx
)
e−x
2/(4t) +O(te−R
2(sin β)2/(8t))
= −(4pit)−1/2
∫ R| sin β|
0
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t)(38)
+O(te−R
2(sin β)2/(8t)), t ↓ 0.
This completes the proof of Lemma 9. 
In Section 4.3, we deal with the remaining integral in (38).
Lemma 10. Let W1,W2 be two disjoint wedges in R2 with corresponding angles γ1, γ2
respectively such that ∂W1 ∩ ∂W2 = {Vi} for some i ∈ {1, . . . , n}. Let α denote the angle
between W1 and W2 such that 0 < α ≤ pi. Then∫
W1
dx
∫
W2
dy p(x, y; t) = k(α, γ1, γ2)t,
where k(α, γ1, γ2) is as defined in (13).
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Proof. By changing coordinates to polar coordinates, as in the proof of Lemma 9, we have
that∫
W1
dx
∫
W2
dy p(x, y; t)
= (4pit)−1
∫ γ1
0
dθ1
∫ γ1+α+γ2
γ1+α
dθ2
∫ ∞
0
dr1
∫ ∞
0
dr2(r1r2) e
−(r21+r22)/(4t)+2r1r2 cos(θ1−θ2)/(4t)
=
4t
pi
∫ γ1
0
dθ1
∫ γ1+α+γ2
γ1+α
dθ2
∫ ∞
0
dr1
∫ ∞
0
dr2(r1r2) e
−(r21+r22)+2r1r2 cos(θ1−θ2)
=
4t
pi
∫ γ1
0
dθ1
∫ γ1+α+γ2
γ1+α
dθ2
∫ ∞
0
dr1 r
3
1
∫ ∞
0
dρ ρ e−r
2
1(1+ρ
2−2ρ cos(θ1−θ2))
=
2t
pi
∫ γ1
0
dθ1
∫ γ1+α+γ2
γ1+α
dθ2
∫ ∞
0
dρ ρ
∫ ∞
0
dr r e−r(1+ρ
2−2ρ cos(θ1−θ2))
=
2t
pi
∫ γ1
0
dθ1
∫ γ1+α+γ2
γ1+α
dθ2
∫ ∞
0
dρ
ρ
(1 + ρ2 − 2ρ cos(θ1 − θ2))2
=
2t
pi
∫ γ1
0
dθ1
∫ γ1+α+γ2−θ1
γ1+α−θ1
dϕ
∫ ∞
0
dρ
ρ
(1 + ρ2 − 2ρ cosϕ)2
=
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
∫ ∞
0
dρ
ρ
(1 + ρ2 − 2ρ cosϕ)2
=
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
∫ ∞
0
dρ
(
ρ− cosϕ
(1 + ρ2 − 2ρ cosϕ)2 +
cosϕ
(1 + ρ2 − 2ρ cosϕ)2
)
=
γ1γ2
pi
t+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
∫ ∞
− cosϕ
dρ
cosϕ
(ρ2 + (sinϕ)2)2
=
γ1γ2
pi
t+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
cosϕ
| sinϕ|3
∫ ∞
0
dρ
(ρ2 + 1)2
+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
| cosϕ|
| sinϕ|3
∫ | cotϕ|
0
dρ
(ρ2 + 1)2
=
γ1γ2
pi
t+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
cosϕ
| sinϕ|3
∫ pi
2
0
dθ (cos θ)2
+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
| cosϕ|
| sinϕ|3
∫ arctan(| cotϕ|)
0
dθ (cos θ)2
=
γ1γ2
pi
t+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
pi
4
cosϕ
| sinϕ|3
(39)
+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
(
sin(2 arctan(| cotϕ|))
4
+
arctan(| cotϕ|)
2
) | cosϕ|
| sinϕ|3 .
We see that
S(ϕ) := arctan(| cotϕ|) =
{
|ϕ− pi
2
|, if 0 < ϕ ≤ pi;
|ϕ− 3pi
2
|, if pi < ϕ ≤ 2pi.
Hence
sin(2 arctan(| cotϕ|))
4
| cosϕ|
| sinϕ|3 =
1
2
(
cosϕ
sinϕ
)2
.
Therefore (39) becomes
(40)
γ1γ2
pi
t+
2t
pi
∫ γ1+α
α
dσ
∫ σ+γ2
σ
dϕ
(
pi
4
cosϕ
| sinϕ|3 +
1
2
(
cosϕ
sinϕ
)2
+
S(ϕ)| cosϕ|
2| sinϕ|3
)
.
By considering the function
f(ϕ) =
pi
4
cosϕ
| sinϕ|3 +
1
2
(
cosϕ
sinϕ
)2
+
S(ϕ)| cosϕ|
2| sinϕ|3
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for ϕ in each of the four quadrants, we have that
1
2
∫ σ+γ2
σ
dϕ
(
(pi − ϕ) cosϕ
(sinϕ)3
+
(
cosϕ
sinϕ
)2)
is a primitive for f(ϕ) for all ϕ ∈ (0, 2pi). Integrating by parts with respect to ϕ, we obtain
1
2
∫ σ+γ2
σ
dϕ
(
(pi − ϕ) cosϕ
(sinϕ)3
+
(
cosϕ
sinϕ
)2)
=
1
4
(
(γ2 + σ − pi)
(sin(γ2 + σ))2
− cot(γ2 + σ)− (σ − pi)
(sinσ)2
+ cotσ − 2γ2
)
.(41)
Hence, by (40), (41) and integrating by parts with respect to σ, we have that∫
W1
dx
∫
W2
dy p(x, y; t)
=
t
2pi
(−(γ2 + γ1 + α− pi) cot(γ2 + γ1 + α)− (α− pi) cotα)
+
t
2pi
((γ2 + α− pi) cot(γ2 + α) + (γ1 + α− pi) cot(γ1 + α))
as required. 
4. The contribution to the heat content from points close to an edge.
In this section, we consider points x ∈ C(R
2
| sin γ|, R). We partition this region into n
rectangles Sγ and 2n cusps Ci, each of height
R
2
| sin γ|. We approximate uD by uH , where
H ⊂ R2 is the half-plane such that ∅ 6= ∂Sγ ∩ ∂D ⊂ ∂H and Sγ ⊂ H, as in Lemma 7.
4.1. The contribution to the heat content from a rectangle. We first compute the
contribution to the heat content of D from a rectangle, Sγ , of height
R
2
| sin γ| and length
L, where L ∈ R, L > 0. We have that∫
H
dy p(x, y; t) =
∫ ∞
−∞
dy2
∫ ∞
0
dy1(4pit)
−1e−(x1−y1)
2/(4t)−(x2−y2)2/(4t)
= 1−
∫ ∞
x1
dζ (4pit)−1/2e−ζ
2/(4t).
Let x1 ∈ (0, R2 | sin γ|) and x2 ∈ (0, L). Then, by integrating by parts with respect to x1,
we obtain∫
Sγ
dx
∫
H
dy p(x, y; t)
= |Sγ | −
∫
Sγ
dx
∫ ∞
x1
dζ (4pit)−1/2e−ζ
2/(4t)
= |Sγ | − (4pit)−1/2
∫ L
0
dx2
∫ R
2
| sin γ|
0
dx1
∫ ∞
x1
dζ e−ζ
2/(4t)
= |Sγ | − (4pit)−1/2
∫ L
0
dx2
∫ ∞
0
dx1
∫ ∞
x1
dζ e−ζ
2/(4t) +O(t1/2e−R
2(sin γ)2/(32t))
= |Sγ | − L√
pi
t1/2 +O(t1/2e−R
2(sin γ)2/(32t)), t ↓ 0.(42)
4.2. The contribution to the heat content from a cusp. We now compute the
contribution to the heat content of D from a cusp. Let Ci denote the cusp which is
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adjacent to Sγ and Bi(R). Then∫
Ci
dx
∫
H
dy p(x, y; t) =
∫ R
2
| sin γ|
0
dx (R−
√
R2 − x2)
∫ ∞
0
dy (4pit)−1/2e−|x−y|
2/(4t)
=
∫ R
2
| sin γ|
0
dx (R−
√
R2 − x2)
(
1−
∫ ∞
x
dζ (4pit)−1/2e−ζ
2/(4t)
)
= |Ci| −
∫ R
2
| sin γ|
0
dx (R−
√
R2 − x2)
∫ ∞
x
dζ (4pit)−1/2e−ζ
2/(4t).
Integrating by parts with respect to x, we obtain
−
∫ R
2
| sin γ|
0
dx (R−
√
R2 − x2)
∫ ∞
x
dζ (4pit)−1/2e−ζ
2/(4t)
= −(4pit)−1/2
∫ R
2
| sin γ|
0
dx
(
Rx− R
2
2
arcsin
( x
R
)
− x
2
√
R2 − x2
)
e−x
2/(4t)
+O(e−R
2(sin γ)2/(32t)), t ↓ 0.
Hence the contribution from each cusp is∫
Ci
dx
∫
H
dy p(x, y; t)
= |Ci|+ (4pit)−1/2
∫ R
2
| sin γ|
0
dx
(
−Rx+ R
2
2
arcsin
( x
R
)
+
x
2
√
R2 − x2
)
e−x
2/(4t)
+O(e−R
2(sin γ)2/(32t)), t ↓ 0.
4.3. The O(t3/2) terms from the cusp and sector contributions. Finally, we deal
with the remaining integrals from the sector and cusp contributions. Each sector has two
neighbouring cusps so we are interested in the following integral
2(4pit)−1/2
∫ R
2
| sin γ|
0
dx
(
−Rx+ R
2
2
arcsin
( x
R
)
+
x
2
√
R2 − x2
)
e−x
2/(4t)
= (4pit)−1/2
∫ R
2
| sin γ|
0
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t).(43)
By definition of γ, in (8), we can write the remaining integral from the sector contribution,
(38), as
− (4pit)−1/2
∫ R| sin β|
0
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t)
= −(4pit)−1/2
∫ R| sin γ|
0
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t)(44)
+O(e−R
2(sin γ)2/(8t)), t ↓ 0.
Adding (43) and (44), we obtain
(4pit)−1/2
∫ R
2
| sin γ|
0
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t)
− (4pit)−1/2
∫ R| sin γ|
0
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t)
= −(4pit)−1/2
∫ R| sin γ|
R
2
| sin γ|
dx
(
−2Rx+R2 arcsin
( x
R
)
+ x
√
R2 − x2
)
e−x
2/(4t)
= O(e−R
2(sin γ)2/(32t)), t ↓ 0.
This completes the proof of Theorem 1.
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5. The heat content of a pi-sector in a 3pi
2
-wedge.
In this section, we compute the heat content of a pi-sector in a 3pi
2
-wedge which share
one common edge (and vertex). This is a crucial ingredient in the computation of the
heat content of the fractal polyhedron Ds, which was constructed in Section 1, and will
be used in Section 6.
Lemma 11. Let Bpi(R) ⊂W 3pi
2
such that Bpi(R) and W 3pi
2
share one common edge (and
vertex). Then, for t ↓ 0,∫
Bpi(R)
dx
∫
W 3pi
2
dy p(x, y; t)(45)
=
piR2
2
− R√
pi
t1/2 + (4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t)
+O(te−R
2/(8t)).
We remark that the coefficient of t is equal to 0 in this case.
Proof. Similarly to the proof of Lemma 9, the left-hand side of (45) equals
(4pit)−1
∫ pi
0
dθ1
∫ 3pi
2
0
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r21+r22)/(4t)+2r1r2A/(4t)
= (4pit)−1
∫ pi
0
dθ1
∫ 2pi
0
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r21+r22)/(4t)+2r1r2A/(4t)
− (4pit)−1
∫ pi
0
dθ1
∫ 2pi
3pi
2
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r21+r22)/(4t)+2r1r2A/(4t)
=: M1 +M2.(46)
Now
M1 = (4pit)
−1
∫ pi
0
dθ1
∫ 2pi
0
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r21+r22)/(4t)+2r1r2A/(4t)
=
piR2
2
,(47)
and letting r2 − r1A = ρ, we have that
M2 = −(4pit)−1
∫ pi
0
dθ1
∫ 2pi
3pi
2
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r21+r22)/(4t)+2r1r2A/(4t)
= −(4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r21+r22)/(4t)+2r1r2A/(4t)
= −(4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
r dr
∫ ∞
−Ar
dρ (ρ+Ar)e−ρ
2/(4t)−r2(1−A2)/(4t)
= −pi
2
t(1− e−R2/(4t))
− (4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ ∞
−Ar
dρAr2e−ρ
2/(4t)−r2(1−A2)/(4t).(48)
We also have that
− (4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ ∞
−Ar
dρAr2e−ρ
2/(4t)−r2(1−A2)/(4t)
= −(4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ ∞
0
dρAr2e−ρ
2/(4t)−r2(1−A2)/(4t)
− (4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ r
0
dρA2r2e−A
2ρ2/(4t)−r2(1−A2)/(4t)
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= − (4pit)
−1/2
2
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr Ar2e−r
2(1−A2)/(4t)
− (4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ ∞
0
dρA2r2e−A
2ρ2/(4t)−r2(1−A2)/(4t)
+ (4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ ∞
r
dρA2r2e−A
2ρ2/(4t)−r2(1−A2)/(4t)
= − (4pit)
−1/2
2
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr (A+ |A|)r2e−r2(1−A2)/(4t)
+ (4pit)−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ ∞
r
dρA2r2e−A
2ρ2/(4t)−r2(1−A2)/(4t)
=: N1 +N2.(49)
Now N1 equals
− (4pit)
−1/2
2
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr (cos(θ1 − θ2) + | cos(θ1 − θ2)|)r2e−r
2(sin(θ1−θ2))2/(4t)
= − (4pit)
−1/2
2
∫ pi
0
dθ1
∫ pi
2
0
dθ2
∫ R
0
dr (cos(θ1 + θ2) + | cos(θ1 + θ2)|)r2e−r
2(sin(θ1+θ2))
2/(4t)
= − (4pit)
−1/2
2
∫ pi
0
dθ1
∫ pi
2
+θ1
θ1
dη
∫ R
0
dr (cos η + | cos η|)r2e−r2(sin η)2/(4t)
= −(4pit)−1/2
∫ pi
2
0
dθ1
∫ pi
2
θ1
dη
∫ R
0
dr r2 cos η e−r
2(sin η)2/(4t)
− (4pit)
−1/2
2
∫ pi
2
0
dθ1
∫ pi
2
+θ1
pi
2
dη
∫ R
0
dr (cos η + | cos η|)r2e−r2(sin η)2/(4t)
− (4pit)
−1/2
2
∫ pi
pi
2
dθ1
∫ pi
2
+θ1
θ1
dη
∫ R
0
dr (cos η + | cos η|)r2e−r2(sin η)2/(4t)
= −(4pit)−1/2
∫ pi
2
0
dθ
∫ pi
2
θ
dη
∫ R
0
dr r2 cos η e−r
2(sin η)2/(4t)
= − R√
pi
t1/2 +
pi
4
t+ (4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t)
(50)
+O(te−R
2/(8t)), t ↓ 0,
by integrating by parts with respect to θ. In addition, as for the computation of I5 (see
(33)), we have that
N2 = (4pit)
−1
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ R
0
dr
∫ ∞
r
dρA2r2e−A
2ρ2/(4t)−r2(1−A2)/(4t)
=
2t
pi
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
∫ ∞
1
dρ
A2
(A2ρ2 + 1−A2)2 +O(te
−R2/(4t))
=
t
pi
∫ pi
0
dθ1
∫ 0
−pi
2
dθ2
(
−(cot(θ1 − θ2))2 + cos(θ1 − θ2)
(sin(θ1 − θ2))3 arctan(tan(θ1 − θ2))
)
+O(te−R
2/(4t))
=
t
pi
∫ pi
0
dθ1
∫ pi
2
0
dθ2
(
−(cot(θ1 + θ2))2 + cos(θ1 + θ2)
(sin(θ1 + θ2))3
arctan(tan(θ1 + θ2))
)
+O(te−R
2/(4t))
=
t
pi
∫ pi
0
dθ1
∫ pi
2
+θ1
θ1
dη
(
−(cot η)2 + cos η
(sin η)3
arctan(tan η)
)
+O(te−R
2/(4t))
=
t
pi
∫ pi
0
dθ
∫ pi
2
+θ
θ
dη
(
−(cot η)2 + cos η
(sin η)3
arctan(tan η)
)
+O(te−R
2/(4t)), t ↓ 0.
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Note that
arctan(tan η) =
{
η if η ∈ (0, pi
2
);
η − pi if η ∈ (pi
2
, 3pi
2
).
Hence
N2 =
t
pi
∫ pi
0
dθ
∫ pi
2
+θ
θ
dη
(
−(cot η)2 + cos η
(sin η)3
arctan(tan η)
)
+O(te−R
2/(4t))
=
t
pi
∫ pi
2
0
dθ
∫ pi
2
θ
dη
(
−(cot η)2 + η cos η
(sin η)3
)
+
t
pi
∫ pi
2
0
dθ
∫ pi
2
+θ
pi
2
dη
(
−(cot η)2 + (η − pi) cos η
(sin η)3
)
+
t
pi
∫ pi
pi
2
dθ
∫ pi
2
+θ
θ
dη
(
−(cot η)2 + (η − pi) cos η
(sin η)3
)
+O(te−R
2/(4t))
=
t
2pi
+
t
2pi
+
t
pi
(
pi2
4
− 1
)
+O(te−R
2/(4t))
=
pi
4
t+O(te−R
2/(4t)), t ↓ 0.(51)
Thus, by (48), (49), (50) and (51), we have that, as t ↓ 0,
(52)
M2 = − R√
pi
t1/2 + (4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2/(8t)).
Therefore, by (46), (47) and (52), as t ↓ 0,
(4pit)−1
∫ pi
0
dθ1
∫ 3pi
2
0
dθ2
∫ R
0
dr1
∫ ∞
0
dr2(r1r2)e
−(r1 cos θ1−r2 cos θ2)2/(4t)−(r1 sin θ1−r2 sin θ2)2/(4t)
=
piR2
2
− R√
pi
t1/2 + (4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2/(8t)).

We note that
V 3pi
2
(t;R) =
∫
B 3pi
2
(R)
dx
∫
W 3pi
2
dy p(x, y; t)
=
∫
Bpi(R)
dx
∫
W 3pi
2
dy p(x, y; t) +
∫
Bpi
2
(R)
dx
∫
W 3pi
2
dy p(x, y; t).
By Theorem 1 and Lemma 11, this implies that, as t ↓ 0,∫
Bpi
2
(R)
dx
∫
W 3pi
2
dy p(x, y; t)
=
piR2
4
− R√
pi
t1/2 + g
(
3pi
2
)
t
+ (4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2/(8t))
=
piR2
4
− R√
pi
t1/2 +
t
pi
(53)
+ (4pit)−1/2
∫ 1
0
dψ (arcsinψ − ψ)
∫ ∞
R
dr r2e−r
2ψ2/(4t) +O(te−R
2/(8t)).
The result of Lemma 11 and formula (53) will be used in Section 6 below.
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6. The heat content of the fractal polyhedron Ds.
In this section, we use Theorem 1 to compute the heat content of the fractal polyhedron
Ds which was constructed in Section 1. To do this, we adapt the scheme of [6] to the
three-dimensional setting below. The key step in [6] was to obtain a renewal equation by
making a suitable Ansatz for the heat content. The corresponding Ansatz has been made
here in (60) and (61) for 0 < s <
√
2− 1, s 6= 1
5
, and in (63) and (65) for s = 1
5
.
In order to derive the required renewal equation, we need to compute the contribution to
the heat content HDs(t) from Q0 and Q1,1. We do this below in Lemma 12 and Lemma 13
respectively. In what follows, for A ⊂ R3, d(x,A) is the 3-dimensional analogue of (18).
We make the following approximations for uDs(x; t).
Let 0 < δ ≤ min
{
s2
2
, s(1−s)
4
}
and let x ∈ Ds. If d(x, ∂Ds) ≥ δ, then we have that
|uDs(x; t)− 1| ≤ 23/2e−δ
2/(8t),
by the principle of not feeling the boundary, [3, Proposition 9(i)]. We define
F˜ = {x ∈ Ds : d(x, ∂Ds) < δ, d(x, e) > δ for all edges e ∈ ∂Ds}.
If x ∈ F˜ , then we have that
(54) |uDs(x; t)− uH(x; t)| ≤ 23/2e−δ
2/(8t),
where
uH(x; t) = (4pit)
−1/2
∫ ∞
−d(x,∂Ds)
dζ e−ζ
2/(4t),
i.e. H is a half-space whose boundary contains the face of ∂Ds nearest to x. Let
E˜ = {x ∈ Ds : d(x, e) < δ for some edge e ∈ ∂Ds, d(x, v) > δ for all vertices v ∈ ∂Ds}.
If x ∈ E˜, then we have that
(55) |uDs(x; t)− uW (x; t)| ≤ 23/2e−δ
2/(8t),
where W is the infinite wedge Wpi
2
for entrant edges and W is the infinite wedge W 3pi
2
for
re-entrant edges. (See the proof of Lemma 12 for further details). The estimates (54),
(55) follow by similar arguments to those given in the proof of Lemma 5 with D˜ = Ds,
F = H,W , E = F˜ , E˜ respectively and G = {x ∈ Ds : d(x,E) < δ}.
It remains to approximate uDs(x; t) for x near a vertex of ∂Q0 ∩ ∂Ds, ∂Q1,1 ∩ ∂Ds
respectively. We only require the contribution to the heat content HDs(t) from these
vertices to derive the required renewal equation. The relevant approximation to make
here is via a one-sided infinite cone Cv with vertex v ∈ ∂Ds such that ∂Cv ⊇ {x ∈ ∂Ds :
d(x, v) < δ}. Definition aside, no viable expressions are known for uCv (x; t) in this 3-
dimensional setting. For our purposes, it is sufficient to approximate the neighbourhood
of each vertex v ∈ (∂Q0 ∪ ∂Q1,1) ∩ ∂Ds by a cube Sv. Each cube Sv centred at v has
side-length 2δ and is chosen such that the faces of ∂Sv are pairwise-parallel to those of
∂Q0. We are interested in the contribution to the heat content HDs(t) from the region
Sv ∩Ds. There are two cases to consider. Either the vertex v is entrant and Sv ∩Ds is
1
8
of Sv, or the vertex v is re-entrant and Sv ∩ Ds is 58 of Sv. If v is entrant, then the
coefficient of t3/2 in the expansion for HDs(t) is equal to
−1
pi3/2
by separation of variables.
Unfortunately, we were unable to compute the coefficient of t3/2 for a re-entrant vertex.
However, the contribution to the heat content HDs(t) from each region Sv∩Ds is of order:
δ3 from the volume, δ2t1/2 from the surface area of the adjoining faces of the vertex, and
δt from the length of the adjoining edges of the vertex. Thus, if we choose δ as follows:
(56) δ = 8t1/2(log(t−1))1/2,
then the contribution to the heat content HDs(t) from each region Sv ∩Ds is
O(t3/2(log(t−1))3/2). We note that this choice of δ gives O(e−δ
2/(8t)) = O(t8).
Lemma 12. Let 0 < s <
√
2− 1. Then∫
Q0
dxuDs(x; t) = 1− 6(1− s2)
t1/2√
pi
+
12
pi
t+O(t3/2(log(t−1))3/2, t ↓ 0.
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Proof. Partition Q0 into the following sets.
(i) ∂Q0 ∩ ∂Ds has 32 vertices; vi, i = 1, . . . , 32. At each vertex vi, consider a cube Si of
side-length 2δ centred at vi. Let S˜i = Si ∩Q0, i = 1, . . . , 32 and S˜ = ∪32i=1S˜i.
(ii) ∂Q0 ∩ ∂Ds has 36 edges; ej , j = 1, . . . , 36. Let E˜j = {x ∈ Q0 : d(x, ej) < δ, x 6∈ S˜}.
(iii) F˜ =
{
x ∈ Q0 : d(x, ∂Q0 ∩ ∂Ds) < δ, x 6∈
(
S˜ ∪⋃36j=1 E˜j)}.
(iv) The interior of Q0 minus (i), (ii) and (iii); an open polygon Pδ with distance at least
δ to ∂Ds.
(v) The remainder, which has measure zero.
The contribution to the heat content from (iv) is |Pδ|+O(e−δ2/(8t)) = |Pδ|+O(t3/2), t ↓ 0.
To compute the contribution from (ii), there are two types of edges to consider. Each
edge ej is the intersection of two faces of ∂Ds. For fixed j, let Πj denote the plane
which is orthogonal to these faces and intersects ej in exactly one point. Apply Lemma 5
with D˜ = Ds ∩ Πj , F = Wpi
2
,W 3pi
2
respectively, E = E˜j ∩ Πj and G = {x ∈ Ds ∩ Πj :
d(x, E˜j ∩Πj) < δ} so that either;
(I) the contribution from E˜j ∩Πj can be approximated by that from a sector Bδ(pi2 ) in a
wedge Wpi
2
, or
(II) the contribution from E˜j ∩Πj can be approximated by that from a sector Bδ(pi) in a
wedge W 3pi
2
.
We can use Lemma 9 to deduce that the contribution from the edges of type (I) is
12(1− 2δ)
(
|E˜j ∩Πj | − 2δ t
1/2
√
pi
+
1
pi
t
)
+O(t3/2)
= 12
(
|E˜j | − 2δ(1− 2δ) t
1/2
√
pi
+
1
pi
(1− 2δ)t
)
+O(t3/2), t ↓ 0.
In addition, Lemma 11 gives that the contribution from the edges of type (II) is
24(s− 2δ)
(
|E˜j ∩Πj | − δ t
1/2
√
pi
)
+O(t3/2)
= 24
(
|E˜j | − δ(s− 2δ) t
1/2
√
pi
)
+O(t3/2), t ↓ 0.
Each cross-section of F˜ is a union of rectangles and cuspidal regions. Thus by Section 4,
we have that the contribution from F˜ equals
|F˜ | − H2(∂F˜ ) t
1/2
√
pi
+O(t3/2), t ↓ 0.
For edges of type (I), the sector E˜j ∩ Πj has two cuspidal neighbours. For edges of type
(II), the sector E˜j∩Πj has one cuspidal neighbour but by Lemma 11, the term of order t3/2
is half that of Lemma 5. Even though the sector and cusp terms of order t3/2 cancel out,
the remainder is dominated by the contribution from (i), which is O(t3/2(log(t−1))3/2).
This completes the proof of Lemma 12. 
Following the strategy of [6], in order to compute
∫
Ds−Q0 dxuDs(x; t), we introduce a
model solution which approximates uDs in one of the six components of Ds−Q0. Consider
the half-space H = {(x1, x2, x3) ∈ R3 : x1 < 0} and attach one of the six components of
Ds −Q0 to H. The resulting set is
Hs = interior
H ∪
⋃
j≥1
⋃
1≤i≤ 1
6
N(j)
Qj,i

 .
Let uHs be the unique solution of (2) and (3) with D = Hs. Define
E(t) =
∫
Hs−H
dxuHs(x; t).
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Applying Lemma 5 with D˜ = Ds, F = Hs, E = Hs −H and G = {x ∈ Hs : d(x,E) < },
where  = (1+s
2)1/2
2(1−s) (1− 2s− s2), we have∫
Ds−Q0
dxuDs(x; t) = 6
∫
Hs−H
dxuDs(x; t)
= 6
∫
Hs−H
dxuHs(x; t) +O(e
−2/(8t))
= 6E(t) +O(e−
2/(8t)), t ↓ 0.(57)
In contrast to [6], where the temperature of the boundary is fixed for all t > 0, we must
account for the fact that Hs −H and Hs −Ds feel each other’s presence. The choice of 
above is a lower bound for the distance between Hs −H and Hs −Ds.
Similarly to Lemma 12, we have;
Lemma 13. Let 0 < s <
√
2− 1. Then∫
Q1,1
dxuHs(x; t) = s
3 − 5s2(1− s2) t
1/2
√
pi
+
12s
pi
t+ h˜(t), t ↓ 0,
where |h˜(t)| ≤ C˜t3/2(log(t−1))3/2 for t ≤ s2 and some constant C˜ > 0.
Proof. The proof of Lemma 13 is analogous to that of Lemma 12. We note that in this case
there is an additional type of edge to consider. Namely, the edges where the contribution
from (E˜ ∩Q1,1)∩Πj can be approximated by that from a sector Bpi
2
(δ) in a wedge W 3pi
2
.
There are 4 such edges so the contribution to the heat content is
4(s− 2δ)
(
|(E˜ ∩Q1,1) ∩Πj | − δ t
1/2
√
pi
+
1
pi
t
)
+O(t3/2)
= 4
(
|E˜ ∩Q1,1| − δ(s− 2δ) t
1/2
√
pi
+
(s− 2δ)
pi
t
)
+O(t3/2), t ↓ 0,
by (53). This completes the proof of Lemma 13 by our choice of δ, (56). 
Below we state and prove the corresponding 3-dimensional result to [6, Proposition 4]
for completeness.
Lemma 14. Fix 0 < s <
√
2− 1. Then
(58) E(t) = 5s3E
(
t
s2
)
+ s3 − 5s2(1− s2) t
1/2
√
pi
+
12s
pi
t+ h(t),
where |h(t)| ≤ C˜t3/2(log(t−1))3/2 for t ≤ s2 and some constant C˜ > 0.
Proof. Re-write E(t) as
E(t) =
∫
Q1,1
dxuHs(x; t) +
∫
Hs−(H∪Q1,1)
dxuHs(x; t).
Then Hs − (H ∪Q1,1) consists of 5 copies of Hs −H scaled by a factor s, say A1, . . . , A5.
Each of these copies has a face fi connecting it to Q1,1. Let HAi be the half-space such
that ∂HAi ⊃ fi and HAi ⊃ Q1,1. Put Fi = Ai ∪HAi ∪ fi. Then Fi is a copy of Hs scaled
by a factor s. Thus, by scaling, we have∫
Ai
dxuFi(x; t) = s
3
∫
Hs−H
dxuHs(x; t/s
2) = s3E(t/s2).
Define Gi = {x ∈ Hs : d(x,Ai) < ˜}, where ˜ = s(1−2s−s
2)
2(1−s) . Applying Lemma 5 with
D˜ = Hs, F = Fi, E = Ai and G = Gi, we have∫
Ai
dxuHs(x; t) =
∫
Ai
dxuFi(x; t) +O(e
−˜2/(8t)), t ↓ 0.
22 M. VAN DEN BERG, K. GITTINS
Hence ∫
Hs−(H∪Q1,1)
dxuHs(x; t) = 5
∫
Ai
dxuHs(x; t)
= 5
∫
Ai
dxuFi(x; t) +O(e
−˜2/(8t))
= 5s3E(t/s2) +O(e−˜
2/(8t)), t ↓ 0.
Combining this with Lemma 13 gives the result. 
We must now consider the different regimes for s.
Lemma 15. Let d = 3
2
+ 1
2
log 5
log s
and fix 0 < s <
√
2 − 1, s 6= 1
5
. Then there exists a
periodic, continuous function ps : R→ R with period log(s−2) such that as t ↓ 0,
(59) E(t) =
s3
1− 5s3 −
5s2(1− s2)
1− 5s2
t1/2√
pi
+
12s
pi(1− 5s) t+ ps(log t)t
d +O(t3/2(log(t−1))3/2).
Proof. Define
(60) qs(t)t
d = E(t)− s
3
1− 5s3 +
5s2(1− s2)
1− 5s2
t1/2√
pi
− 12s
pi(1− 5s) t.
Substitute (58) into (60) to obtain
qs(t)t
d = 5s3E
(
t
s2
)
− 5s3
(
s3
1− 5s3
)
+ 25s4
(
1− s2
1− 5s2
)
t1/2√
pi
− 5s
(
12s
pi(1− 5s)
)
t+ h(t).
From (60), we also have
qs
(
t
s2
)
td
5s3
= E
(
t
s2
)
− s
3
1− 5s3 +
5s(1− s2)
1− 5s2
t1/2√
pi
− 12
pis(1− 5s) t,
which implies
qs
(
t
s2
)
td = qs(t)t
d − h(t),
or equivalently,
qs(t) = qs
(
t
s2
)
+ h(t)t−d.
Similarly to [6, Proposition 5], define ps(log t) by
(61) qs(t) = ps(log t)−
∞∑
j=1
h(ts2j)(ts2j)−d.
Then
qs
(
t
s2
)
= ps
(
log
t
s2
)
− h(t)t−d −
∞∑
j=1
h(ts2j)(ts2j)−d,
hence
ps
(
log
t
s2
)
= qs(t) +
∞∑
j=1
h(ts2j)(ts2j)−d = ps(log t).
Since there is a constant C˜ > 0 such that |h(t)| ≤ C˜t3/2(log(t−1))3/2 for t ≤ s2, there is a
constant Cˆ > 0 such that∣∣∣∣ ∞∑
j=1
h(ts2j)(ts2j)−d
∣∣∣∣ ≤ Cˆt(3/2)−d
(
(log(t−1))3/2
∞∑
j=1
(s3−2d)j + (− log s)3/2
∞∑
j=1
(2j)3/2(s3−2d)j
)
= O(t(3/2)−d(log(t−1))3/2).(62)
Combining (60) with (61) and (62) gives (59). 
Lemma 16. Let s = 1
5
. Then there exists a periodic, continuous function p 1
5
: R → R
with period log 25 such that as t ↓ 0,
E(t) =
1
120
− 6
25
t1/2√
pi
− 6
5pi log 5
t log t+
12
5pi
t+ p 1
5
(log t)t+O(t3/2(log(t−1))3/2).
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Proof. For s = 1
5
, d = 1. Define
(63) q 1
5
(t)t = E(t)− 1
120
+
6
25
t1/2√
pi
+
6
5pi log 5
t log t− 12
5pi
t.
Substitute (58) with s = 1
5
into (63) to obtain
q 1
5
(t)t =
1
25
E(25t)− 1
3000
+
6
125
t1/2√
pi
+
6
5pi log 5
t log t+ h(t).
By considering (63) with t replaced by 25t, we obtain that
q 1
5
(25t)t = q 1
5
(t)t− h(t),
or equivalently,
(64) q 1
5
(t) = q 1
5
(25t) + h(t)t−1.
Define p 1
5
(log t) by
(65) q 1
5
(t) = p 1
5
(log t)−
∞∑
j=1
h(t(25)−j)(t(25)−j)−1.
Then, as in the proof of Lemma 15, we have p 1
5
(log t) = p 1
5
(log 25t) via (64). Since (62)
holds for s = 1
5
, we obtain the same remainder estimate as in Lemma 15. 
Combining Lemma 12, (57) and Lemma 15, Lemma 16 we obtain (16), (17) respectively.
Using the fact that t 7→ HDs(t) is continuous, it can be shown that t 7→ ps(log t) is
continuous for 0 < s <
√
2− 1, see [6, Section 5.1].
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